Based on the data we get, n log n is acceptable approximation to A(P n ) for small P n ( most of relative errors are on the order of 1%, 1‰ or 0.1‰ for P n less than 2000 ), where P n is the n-th prime for n ≥ 2 and A(P n ) = L n − P n but L n is the largest strong Goldbach number generated by P n . Thus we propose a proposition that A(P n ) ≈ n log n for all P n . To give indirect verification of the proposition for large P n , we obtain an experimental formula for calculating the number of primes not greater than P n relying on existence of A(P n ). Using the formula, our found relative errors are generally smaller than that arising from x/log x, for example, there is a found relative error to be about 0.00935% for the 382465573492-th prime but the relative error is about 3.45305% by x/log x, 0.16046% by x/((log x) − 1.08366), 0.02479% by x/log x + x/(log x) 2 + 2x/(log x) 3 . If the proposition is proven, then Goldbach's conjecture is true.
L n < 2P n for a given P n .
Lemma 2.5. There is a strong Goldbach number sequence { 6, 8, …, L n } for any given P n .
Proof. Since { 6 } is strong Goldbach number sequence generated by P 2 = 3 ( the first odd prime ) but { 6, 8, …, L n } generated by P n will remain in { 6, 8, …, L n+1 } generated by P n+1 as the first part ( including complete sequence ) of { 6, 8, …, L n+1 } generated by P n+1 . Hence any given P n will generate a corresponding strong Goldbach number sequence { 6, 8, …, L n }. Thus the lemma holds.
The lemma means that any given P n will generate a corresponding L n . Observation 2.6. Status of { 6, 8, …, L n } generated by P n for P n less than 2000.
By Lemma 2.5 we can give an observation for status of { 6, 8, …, L n } generated by P n for P n less than 2000. In the following observation, L n is the largest strong Goldbach number generated by P n but A(P n ) = L n − P n . P n L n A(P n ) n log n n log n δ n (%) δ n '(%) 
Approach to Prove Goldbach's Conjecture
Lemma 3.1. L n generated by every P n ≥ 3 can be written as P n + A(P n ).
Proof. By Definition 2.3 and Definition 2.1 L n is the largest strong Goldbach number and also a Goldbach number generated by P n , therefore, there is at least an odd prime pair ( p, q ) such that L n can be written as L n = p + q, where p and q are two odd primes not greater than P n . Since such odd prime pair ( p, q ) can be written as p + q = P n + A(P n ) for any given P n . Hence L n generated by every P n ≥ 3 can be written as P n + A(P n ). Thus the lemma holds.
The lemma means that any given P n will generate a corresponding A(P n ), that is, A(P n ) = L n − P n . From the data in Observation 2.6 we see a link between A(P n ) and n log n has been established. Hence we have the following proposition.
Proposition 3.2. A(P n ) ≈ n log n for all P n .
Remark 3.3. The proposition means n log n is approximate function form of A(P n ). There are five extreme cases in Observation 2.6 such that A(P n ) is accurately equal to integer part of n log n for n = 7, 9, 13, 73, 138. The occurrence of such cases and many almost extreme cases ( A(P n ) is very close to integer part of n log n ) strongly supports the proposition. By the proposition, one may use A(P n ) to replace n log n or use n log n to replace A(P n ) for all P n specially large P n . For example, using n log n to replace A(P n ), we may obtain L n ≈ P n + n log n, which means the n-th largest strong Goldbach number is about the sum of the n-th prime and n log n for n ≥ 2.
In Observation 2.6, δ n = (A(P n ) − n log n )/A(P n ) denotes relative error ( absolute value ) using n log n as approximation to A(P n ) and we see δ n is very small in general for P n less than 2000 such that there is a relative error to be on the order of 0.1‰ ( δ 73 = 0.65‰ for P 73 = 367 ) and there are 27 relative errors to be on the order of 1‰ ( δ 179, 233, 307, 331, 457, 521, 617, 751, 787, 821, 929, 971, 1031, 1093, 1097, 1151, 1193, 1231, 1237, 1801, 1861, 1867, 1871, 1873, 1877, 1889, 1901 ) but there are 233 relative errors to be on the order of 1%. Excepting δ 217 = 10.40%, all δ n are on the order of 1% or 1‰ for n > 111 in the observation. Further, there are 22 consecutive occurrences of δ n (%) from P 274 = 1759 to P 295 =1933, whose integer part is smaller than 4, but there are 8 such δ n (%) whose integer part is 0 and there are 6 such δ n (%) whose integer part is 1 among the 22 consecutive δ n (%). Therefore, we are almost certain that A(P n ) will approximate n log n as much as possible for all P n specially large P n . When n log n being used as approximation to P n , δ n ' = (P n − n log n)/P n is relative error of this approximation. We listed values of δ n ' and values of the ratio δ n '/ δ n in Observation 2.6. There are no very small values of δ n '. Excepting δ 30 ' = 9.703%, all δ n ' are on the order of 10% in the observation. Comparing status of δ n ' with that of δ n , we see A(P n ) is much obviously closer to n log n than P n in general in the observation. On the other hand, Rosser's theorem states that the n-th prime is greater than n log n ( for n ≥ 1 ) ( Rosser, 1939 ) , and further, P. Dusart showed that the n-th prime is greater than n log n + n log log n − n for n ≥ 2 ( Dusart, 1999 ) . Hence we are also almost certain that A(P n ) will be much obviously closer to n log n than P n for all P n specially large P n in general. Therefore, there is a corollary of Proposition 3.2 from which we will give a clear proof of Goldbach's conjecture.
Corollary 3.4. L n → ∞ as n → ∞.
Proof. It is obvious that n log n → ∞ as n → ∞. By Proposition 3.2 n log n is replaced by A(P n ), we obtain A(P n ) → ∞ as n → ∞. It is obvious that P n → ∞ as n → ∞. By Lemma 3.1
Thus the corollary holds.
Proposition 3.5. Corollary 3.4 is equivalent to Goldbach's conjecture.
Proof. Let n → ∞. Then L n → ∞ as n → ∞ by Corollary 3.4. Since L n is the largest strong Goldbach number generated by P n . Hence the strong Goldbach number sequence { 6, 8, 10, …, L n − 4, L n − 2, L n } generated by P n as n → ∞ will become an infinite sequence by L n → ∞ as n → ∞. Thus all even numbers greater than 4 will become strong Goldbach numbers and also Goldbach numbers generated by P n as n → ∞, in which every even number is the sum of two odd primes not greater than P n such as 6 = 3 + 3. It implies every even number greater than 4 is the sum of two odd primes and Goldbach's conjecture is true. If Goldbach's conjecture is true, then every even number greater than 4 is the sum of two odd primes not greater than P n as n → ∞, that is, all even numbers greater than 4 are Goldbach numbers and also strong Goldbach numbers generated by P n as n → ∞. It implies L n → ∞ as n → ∞. Thus the proposition holds.
Remark 3.6. By Corollary 3.4 and Proposition 3.5 it is true that Goldbach's conjecture would follow from Proposition 3.2. Therefore, if the proposition holds then Goldbach's conjecture is true.
An Experimental Calculation Formula for the Number of Primes not Greater than P n
In order to give indirect verification of Proposition 3.2 for large P n , we will get a formula for calculating the number of primes not greater than P n relying on existence of A(P n ). Taking x as P n , n = π(P n ) denotes the number of primes not greater than P n but n′ = P n /log P n is a calculated result for the number, and n − n′ is absolute error but (n − n′)/n is relative error. By Proposition 3.2, one may try to find a calculation formula n″ = n′ + ω n to obtain a number ω n which will embody existence of A(P n ). Thus we have
It may be estimated that ω n = (P n − A(P n ))/log(P n − A(P n )) by reference to n′ = P n /log P n but we say that the number is actually the number of primes among integers from 1 to P n − A(P n ), which will be larger than the number of primes among integers from A(P n ) + 1 to P n because the density of primes among integers from 1 to P n − A(P n ) is larger than that from A(P n ) + 1 to P n . By Proposition 3.2, we use n log n to replace A(P n ) and obtain
where C n = (log log n) 2 /log n but λ n is the sum of infinite series as follows
Using the first three terms of (4.1) with (4.2) and (4.3), n″ = P n /log P n + C n (P n − n log n )/log(P n − n log n) + C n 3 (P n − n log n )/(log(P n − n log n)) 2 , we may calculate the number of primes not greater than P n as indirect verification of Proposition 3.2 if both values of P n and n are known, because we may find more acceptable relative errors for large P n if it is acceptable to use n log n to replace A(P n ) in calculating the number of primes not greater than P n . Therefore, we chose the following typical examples for calculating the number, in which ω n is strongly offsetting the absolute error n − n′ arising from P n /log P n .
Example 4.1. The largest prime less than 10 2 .
P n = 97, n = 25. n′ = P n /log P n ≈ 21, n − n′ ≈ 4, (n − n′)/n ≈ 16%.
P n − n log n ≈ 16.528104, log(P n − n log n) ≈ 2.805062, (P n − n log n)/log(P n − n log n) ≈ 5.892241.
log n ≈ 3.218875, (log log n) 2 ≈ 1.366636, C n ≈ 0.424569. ω n ≈ 2.5 + 0.2 = 2.7, n″ = n′ + ω n ≈ 23.7, n − n″ ≈ 1.3, (n − n″)/n ≈ 5.2%. α ≈ 3.08, where α is the ratio of (n − n′)/n to (n − n″)/n.
Remark 4.2. The relative error is about 11.14% by x/((log x) − 1.08366) and is about 10.62% by x/log x + x/(log x) 2 + 2x/(log x)
3 taking x as P n . β ≈ 0.49, where β is the ratio of (n − n″)/n to relative error arising from x/log x + x/(log x) 2 + 2x/(log x) 3 .
Example 4.3. The largest prime less than 10 3 .
P n = 997, n = 168. n′ = P n /log P n ≈ 144, n − n′ ≈ 24, (n − n′)/n ≈ 14.29%.
P n − n log n ≈ 136.174051, log(P n − n log n) ≈ 4.913933, (P n − n log n)/log(P n − n log n) ≈ 27.711824.
log n ≈ 5.123963, (log log n) 2 ≈ 2.669721, C n ≈ 0.521026. ω n ≈ 14 + 1 = 15, n″ = n′ + ω n ≈ 159, n − n″ ≈ 9, (n − n″)/n ≈ 5.36%. α ≈ 2.67. P n = 9973, n = 1229. n′ = P n /log P n ≈ 1083, n − n′ ≈ 146, (n − n′)/n ≈ 11.88%.
P n − n log n ≈ 1229.947941, log(P n − n log n) ≈ 7.114727, (P n − n log n)/log(P n − n log n) ≈ 172.873525.
log n ≈ 7.113956, (log log n) 2 ≈ 3.849673, C n ≈ 0.541143. ω n ≈ 94 + 4 = 98, n″ = n′ + ω n ≈ 1181, n − n″ ≈ 48, (n − n″)/n ≈ 3.91%. α ≈ 3.04.
Remark 4.6. The relative error is about 0.08% by x/((log x) − 1.08366) and is about 0.24% by x/log x + x/(log x) 2 + 2x/(log x) 3 . β ≈ 16.29.
Example 4.7. The largest prime less than 10 5 .
P n = 99991, n = 9592. n′ = P n /log P n ≈ 8685, n − n′ ≈ 907, (n − n′)/n ≈ 9.456%.
P n − n log n ≈ 12044.976390, log(P n − n log n) ≈ 9.396402, (P n − n log n)/log(P n − n log n) ≈ 1281.851967.
log n ≈ 9.168684, (log log n) 2 ≈ 4.909742, C n ≈ 0.535490. ω n ≈ 686 + 21 = 707, n″ = n′ + ω n ≈ 9392,
Remark 4.8. The relative error is about 0.042% by x/((log x) − 1.08366) and is about 0.229% by x/log x + x/(log x) 2 + 2x/(log x) 3 . β ≈ 9.10.
Example 4.9. The largest prime less than 10 6 .
P n = 999983, n = 78498. n′ = P n /log P n ≈ 72381, n − n′ ≈ 6117, (n − n′)/n ≈ 7.793%.
P n − n log n ≈ 115245.510237, log(P n − n log n) ≈ 11.654820, (P n − n log n)/log(P n − n log n) ≈ 9888.227380.
log n ≈ 11.270828, (log log n) 2 ≈ 5.867139, C n ≈ 0.520559. ω n ≈ 5147 + 120 ≈ 5267, n″ = n′ + ω n ≈ 77648, n − n″ ≈ 850, (n − n″)/n ≈ 1.083%. α ≈ 7.20.
Remark 4.10. The relative error is about 0.056% by x/((log x) − 1.08366) and is about 0.153% by x/log x + x/(log x) 2 + 2x/(log x) 3 . β ≈ 7.08. n′ = P n /log P n ≈ 53 693 558 953, n − n′ ≈ 2 068 590 119, (n − n′)/n ≈ 3.70967%.
P n − n log n ≈ 125 779 270 109, log(P n − n log n) ≈ 25.557 794 383 127 1, (P n − n log n)/log(P n − n log n) ≈ 4 921 366 383.
log n ≈ 24.744 361 144 119 4, (log log n) 2 ≈ 10.295 098 754 425 2, C n ≈ 0.416 058 377 683.
ω n ≈ 2 047 575 713 + 13 868 361 ≈ 2 061 444 074, n″ = n′ + ω n ≈ 55 755 003 027, n − n″ ≈ 7 146 045, (n − n″)/n ≈ 0.01282%. α ≈ 289.
Remark 4.12. The relative error is about 0.16123% by x/((log x) − 1.08366) and is about 0.03072% by x/log x + x/(log x) 2 + 2x/(log x) 3 . β ≈ 0.41732. n′ = P n /log P n ≈ 369 258 836 242, n − n′ ≈ 13 206 737 250, (n − n′)/n ≈ 3.45305%.
P n − n log n ≈ 891 181 318 472, log(P n − n log n) ≈ 27.515 813 743 682 5, (P n − n log n)/log(P n − n log n) ≈ 32 387 968 852.
log n ≈ 26.669 904 482 219 9, (log log n) 2 ≈ 10.781 607 065 648 3, C n ≈ 0.404 261 180 344 2. Remark 4.14. The relative error is about 0.16046% by x/((log x) − 1.08366) and is about 0.02479% by x/log x + x/(log x) 2 + 2x/(log x) 3 . β ≈ 0.37717.
From such data we see the relative error using this calculation formula is smaller than that using P n /log P n for every example but the relative errors arising from two random large primes mean Proposition 3.2 is more suitable to large prime. However, the formula is only used to find indirect verification of Proposition 3.2 as an experimental formula. Comparing calculated results using the experimental formula with that using some known methods in the prime number theorem such as x/log x (Gauss, 1792), x/((log x) − 1.08366) (Legendre, 1808) and the first three terms of Li(x) i. e. x/log x + x/(log x) 2 + 2x/(log x) 3 (Derbyshire, 2004), we see that the experimental formula is acceptable in finding indirect verification of Proposition 3.2 for primes specially large primes.
Conclusion
In above discussion, we presented a new method relying on the existence of strong Goldbach number for proving Goldbach's conjecture, that is, if Proposition 3.2 is proven then Goldbach's conjecture is true. It means that if enough numerical evidence for a proper proof of Proposition 3.2 can be found then Goldbach's conjecture will be proven. Based on n log n to replace A(P n ), we obtain an experimental formula for calculating the number of primes not greater than P n , which may be identified as indirect verification of Proposition 3.2 for primes specially large primes.
